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In [Science 340, 1205, 7 June (2013)], via polytopes Michael Walter et al. proposed a sufficient
condition detecting the genuinely entangled pure states. In this paper, we indicate that generally,
the coefficient vector of a pure product state of n qubits cannot be decomposed into a tensor product
of two vectors, and show that a pure state of n qubits is a product state if and only if there exists a
permutation of qubits such that under the permutation, its coefficient vector arranged in ascending
lexicographical order can be decomposed into a tensor product of two vectors. The contrapositive
of this result reads that a pure state of n qubits is genuinely entangled if and only if its coefficient
vector cannot be decomposed into a tensor product of two vectors under any permutation of qubits.
Further, by dividing a coefficient vector into 2i equal-size block vectors, we show that the coefficient
vector can be decomposed into a tensor product of two vectors if and only if any two non-zero block
vectors of the coefficient vector are proportional. In terms of “proportionality”, we can rephrase
that a pure state of n qubits is genuinely entangled if and only if there are two non-zero block
vectors of the coefficient vector which are not proportional under any permutation of qubits. Thus,
we avoid decomposing a coefficient vector into a tensor product of two vectors to detect the genuine
entanglement. We also present the full decomposition theorem for product states of n qubits.
I. INTRODUCTION
Quantum entanglement is a crucial physical re-
source in quantum information theory: quan-
tum communication, quantum computation, quan-
tum cryptography, quantum teleportation, quantum
dense coding, and so on [1]. A quantum state of n
qubits is genuinely entangled if it cannot be written
as |ϕ〉|φ〉. Detecting if a state is genuinely entan-
gled is vital in quantum information theory and ex-
periments [2, 3]. Whereas, detecting and measuring
genuine entanglement has turned out to be a chal-
lenging task.
In [4], Peres has presented a positive partial trans-
pose (PPT) criterion for a separability of bipartite
systems. To detect multi genuine entanglement,
previous articles proposed linear and nonlinear en-
tanglement witnesseses [5]-[15], Bell-like inequalities
[16], and generalized concurrence [17–19]. In [20–
25], sufficient conditions to detect and measure gen-
uine bipartite and tripartite entanglement for pure
states were presented. Very recently, a general cri-
terion was proposed for detecting multilevel entan-
glement in multiparticle quantum states [26] and a
necessary and sufficient criterion for the separabil-
ity of bipartite mixed states [27]. In [28], via Poly-
topes and linear inequalities describing eigenvalues
of single-particle density matrices, Michael Walter
et al. gave the sufficient condition for the genuinely
entangled pure states. Specially, up to permutation
of the particles, they showed that 7 of 13 entangle-
ment polytopes belong to distinct types of genuine
four-partite entanglement.
The previous articles proposed the conditions,
which are not only necessary but also sufficient, for
the separability of pure states for bipartite [34], mul-
tipartite [7], and multipartite [35], and a necessary
and sufficient condition for the full separability of
pure states of three qubits [36].
In this paper, we indicate that the coefficient vec-
tor of a pure product state of n qubits cannot be al-
ways decomposed, and we propose a necessary and
sufficient condition for detecting genuine entangle-
ment of n qubits via the tensor decomposition of the
coefficient vectors under permutations of qubits. In
this paper, we also show that a coefficient vector can
be decomposed if and only if any two non-zero block
vectors of a block matrix of the coefficient vector are
proportional. Thus, we give another necessary and
sufficient condition for the genuine entanglement via
“proportionality” of two vectors and permutations
of qubits. We also demonstrate how to obtain a de-
composition of an coefficient vector of a pure state
via “proportionality” of two vectors.. After then,
we can directly factorize the state. It means that we
give a constructive method for the decomposition of
pure product states. Moreover, we derive the full
decomposition theorem.
2II. DETECTION OF GENUINELY
ENTANGLED PURE STATES OF n QUBITS
VIA THE TENSOR DECOMPOSITION OF
THE COEFFICIENT VECTORS
Any pure state of n qubits can be written as
|ψ〉1···n =
∑2n−1
i=0 ci|i〉. Let the 2
n dimensional
vector C(|ψ〉1···n) = (c0, c1, · · · , c2n−1)T whose en-
tries are the coefficients c0, c1, · · · , c2n−1 of the state
|ψ〉1···n arranged in ascending lexicographical order,
where CT is the transpose of C. We call C(|ψ〉1···n)
the coefficient vector of the state |ψ〉1···n. We write
C(|ψ〉1···n) as C(|ψ〉) sometimes. We say that the
coefficient vector C(|ψ〉) can be decomposed if
C(|ψ〉) = V1 ⊗ V2, (1)
where V1 is a 2
i dimensional vector and V2 is a 2
n−i
dimensional vector with 1 ≤ i ≤ n− 1.
We define that a pure state |ψ〉1···n of n qubits is
a product state if and only if |ψ〉1···n = |ϕ〉|φ〉.
A. For two qubits
For two qubits, any pure state can be written as∑3
i=0 ci|i〉. It is well known that a pure state of two
qubits is a product state if and only if c0c3 = c1c2
[29]. One can check that c0c3 = c1c2 is equivalent to
that the coefficient vector
(
c0 c1 c2 c3
)T
can be
decomposed. Next, we explore the decomposition of
the coefficient vectors.
If |ψ〉12 is product, then we can write |ψ〉12 =
|ϕ〉1|φ〉2, where |ϕ〉1 = α|0〉1 + β|1〉1 and |φ〉2 =
γ|0〉2 + δ|1〉2. A calculation yields that C(|ψ〉) =(
αγ αδ βγ βδ
)T
= C(|ϕ〉) ⊗ C(|φ〉), where
C(|ϕ〉) = (α, β)T and C(|φ〉) =
(
γ δ
)T
.
Therefore, we can conclude that a pure state of
two qubits is a product state if and only if its coef-
ficient vector can be decomposed.
B. For three qubits
Let ρ123 be the density matrix of the state |ψ〉123,
i.e. ρ123 = |ψ〉123〈ψ|. A state of three qubits is
a product state if and only if the reduced densities
ρ1, ρ2, or ρ3 have rank 1, where ρ1 = tr23ρ123 [30].
Next, we explore the decomposition of the coefficient
vectors.
Assume that |ψ〉123 is product. Then, there are
three cases.
Case 1. |ψ〉123 = |ϕ〉1|φ〉23, where |ϕ〉1 = (α|0〉1+
β|1〉1) and |φ〉23 = (a|00〉23 + b|01〉23 + c|10〉23 +
d|11〉23).
For the case, a calculation yields that C(|ψ〉) =
C(|ϕ〉) ⊗ C(|φ〉), where C(|ϕ〉) =
(
α β
)T
and
C(|φ〉) =
(
a b c d
)T
.
Case 2. |ψ〉123 = |φ〉12|ϕ〉3, where |ϕ〉3 = (α|0〉3 +
β|1〉3) and |φ〉12 = (a|00〉12 + b|01〉12 + c|10〉12 +
d|11〉12).
For the case, a calculation yields that C(|ψ〉) =
C(|φ〉) ⊗ C(|ϕ〉).
Case 3. |ψ〉123 = |ϕ〉2|φ〉13, where |ϕ〉2 = α|0〉2 +
β|1〉2 and |φ〉13 = a|00〉13+b|01〉13+c|10〉13+d|11〉13.
When bc 6= ad, i.e. |φ〉13 is a genuinely en-
tangled state, we can show that C(|ψ〉) cannot be
decomposed into V1 ⊗ V2 though |ψ〉 is a prod-
uct state. Now, let us consider the transposition
π = (1, 2) of qubits 1 and 2. Then under the transpo-
sition π, |ψ〉123 becomes |ψ
′〉123 = |ϕ′〉1|φ′〉23, where
|ϕ′〉1 = α|0〉1+β|1〉1, and |φ′〉23 = a|00〉23+b|01〉23+
c|10〉23+d|11〉23. One can see that C(ψ
′) can be de-
composed into C(ψ′) = C(ϕ′)⊗ C(φ′).
So, we can conclude that for three qubits, if |ψ〉 is
a product state then the coefficient vectors C(|ψ〉) or
C(|πψ〉), where π is the transposition (1, 2) of qubits
1 and 2, can be decomposed into tensor products of
two vectors.
We can generalize the result below.
C. For n qubits
Lemma 1. If a pure state |ψ〉1···n of n qubits is a
product state of a state |ϕ〉1···i of qubits 1, · · · , i and
a state |φ〉(i+1)···n of qubits (i+ 1), · · · , n, i.e.
|ψ〉1···n = |ϕ〉1···i|φ〉(i+1)···n, (2)
then the coefficient vector C(|ψ〉) can be decom-
posed into
C(|ψ〉) = C(|ϕ〉) ⊗ C(|φ〉). (3)
Proof. Let |ϕ〉1···i =
∑2i−1
j=0 aj|j〉1···i and
|φ〉(i+1)···n =
∑2n−i−1
k=0 bk|k〉(i+1)···n. Then, from Eq.
(2) a calculation yields
C(|ψ〉) = ( a0b0 a0b1 · · · a0b2n−i−1
a1b0 a1b1 · · · a1b2n−i−1
· · ·
a2i−1b0 a2i−1b1 · · · a2i−1b2n−i−1 )
T .(4)
Eq. (4) implies that Eq. (3) holds.
3Lemma 2. Let |ψ〉1···n =
∑2n−1
i=0 ci|i〉 be any pure
state of n qubits. If the coefficient vector C(|ψ〉) can
be decomposed into
C(|ψ〉) = V1 ⊗ V2, (5)
where V1 is a 2
i dimensional vector and V2 is a 2
n−i
dimensional vector with 1 ≤ i ≤ n − 1, then we
can define states |ϕ〉1···i of qubits 1, · · · , i, where
C(|ϕ〉) = V1, and |φ〉(i+1)···n of qubits (i+1), · · · , n,
where C(|φ〉) = V2, such that
|ψ〉1···n = |ϕ〉1···i|φ〉(i+1)···n. (6)
That is, the state |ψ〉1···n is a product state.
Proof. Assume that V1 = (a0, a1, · · · , a2i−1)
T
and V2 = (b0, b1, · · · , b2n−i−1)
T . We define
states |ϕ〉1···i =
∑2i−1
j=0 aj |j〉 of qubits 1, · · · , i and
|φ〉(i+1)···n =
∑2n−i−1
k=0 bk|k〉 of qubits (i + 1), · · · , n.
Clearly, C(|ϕ〉) = V1 and C(|φ〉) = V2. Via Eq. (5)
a calculation yields Eq. (6). It means that |ψ〉1···n
is a product state.
Lemmas 1 and 2 lead to the following Theorem 1.
Theorem 1. A pure product state |ψ〉1···n of n
qubits is of the form
|ψ〉1···n = |ϕ〉1···i|φ〉(i+1)···n, (7)
where i = 1, 2, · · · , n− 1, if and only if
C(|ψ〉) = V1 ⊗ V2, (8)
where V1 and V2 are 2
i and 2n−i dimensional vectors,
respectively.
Lemma 3 (decomposition for product states). Let
|ϕ〉k1k2···kℓ be a state of qubits k1, k2, · · · , kℓ, and
|φ〉k(ℓ+1)···kn be a state of qubits k(ℓ+1), · · · , kn. If
|ψ〉1···n = |ϕ〉k1k2···kℓ |φ〉k(ℓ+1)···kn , (9)
then there exists a permutation of qubits, for exam-
ple π, such that the coefficient vector C(|πψ〉) of the
state |πψ〉 is decomposed into
C(|πψ〉) = C(|πϕ〉) ⊗ C(|πφ〉). (10)
Proof. Without loss of generality, assume that
{k1, k2, · · · , kℓ} ∩ {1, · · · , ℓ} is the empty. Let
the permutation π = (kℓ, ℓ) · · · (k2, 2)(k1, 1). Un-
der the permutation π of qubits, {k1, k2, · · · , kℓ}
and {k(ℓ+1), · · · , kn} become {1, · · · , ℓ} and {(ℓ +
1), · · · , n}, respectively, and the states |ψ〉1···n,
|ϕ〉k1k2···kℓ , and |φ〉k(ℓ+1)···kn become states |πψ〉1···n,
|πϕ〉1···ℓ, and |πφ〉(ℓ+1)···n. Thus,
|πψ〉1···n = |πϕ〉1···ℓ|πφ〉(ℓ+1)···n. (11)
In light of Lemma 1, from Eq. (11) we obtain Eq.
(10).
To understand Lemma 3, readers can refer Case 3
of the above subsection.
Lemmas 1, 2, and 3 lead to the following Theorem
2.
Theorem 2. |ψ〉1···n = |ϕ〉|φ〉 if and only if there
exists a permutation of qubits, for example π, such
that the coefficient vector C(|πψ〉) can be decom-
posed into
C(|πψ〉) = V1 ⊗ V2. (12)
Proof. Lemma 3 shows that if |ψ〉1···n = |ϕ〉φ〉,
then there exists a permutation of qubits, for ex-
ample π, such that C(|πψ〉) = C(|πϕ〉) ⊗ C(|πφ〉).
Conversely, if there exists a permutation of qubits,
for example π, such that Eq. (12) holds. As-
sume that V1 is a 2
i dimensional vector and V2 is
a 2n−i dimensional vector with 1 ≤ i ≤ n − 1.
Then, in light of Lemma 2, we can define a state
|ϕ〉1···i of qubits 1, · · · , i, where C(|ϕ〉1···i) = V1,
and a state |φ〉(i+1)···n of qubits (i+1), · · · , n, where
C(|φ〉(i+1)···n) = V2, such that
π|ψ〉1···n = |ϕ〉1···i|φ〉(i+1)···n. (13)
Let π−1 be the inverse of π. Under the permutation
π−1, the states |ϕ〉1···i and |φ〉(i+1)···n become states
|π−1ϕ〉π−1(1···i) and |π
−1φ〉π−1((i+1)···n), respectively.
Then, from Eq. (13) we obtain
|ψ〉1···n = |π
−1ϕ〉π−1(1···i)|π
−1φ〉π−1((i+1)···n). (14)
Theorem 2 is an extension of Theorem 1.
Corollary 1. Restated in the contrapositive Theo-
rem 2 reads: A pure state |ψ〉1···n of n qubits is gen-
uinely entangled if and only if the coefficient vector
C(|πψ〉) cannot be decomposed into a tensor prod-
uct of two vectors under any permutation π in Ap-
pendix A.
For example, in light of Corollary 1 we can detect
the following entangled pure state of n qubits. For
the GHZ state and W state of n qubits, C(πGHZ) =
C(GHZ) and C(πW) = C(W) under any permuta-
tion π of qubits, and it is easy to check that C(GHZ)
and C(W) cannot be decomposed. Therefore, in
light of Corollary 1, n-qubit GHZ and W are gen-
uinely entangled. Similarly, we can also test that
Dicke states |i, n〉, GHZ+W, GHZ+Dicke states,
and the state
∑
i1,··· ,in=0,1 |i1i2 · · · in〉− |0 · · · 0〉 −
|1 · · · 1〉 are genuinely entangled.
Let |DW〉 = |1, n〉+ |(n− 1), n〉. Next we demon-
strate that |DW〉 is genuinely entangled and does
not belong to W SLOCC (stochastic local operations
4and classical communication) class though |1, n〉 is
the W state and |(n − 1), n〉 belongs to W SLOCC
class. The following is our argument. One can check
that its coefficient vector does not change under any
permutation of qubits and the coefficient vector can-
not be decomposed. Therefore, in light of Corollary
1 this state is genuinely entangled. The concurrence
for |DW〉 of even n qubits does not vanish while the
concurrence vanishes for the W state of even n qubits
[29], so |DW〉 does not belong to W SLOCC class for
even n qubits. The odd n-tangle does not vanish for
|DW〉 of odd n qubits while the odd n-tangle van-
ishes for the W state of odd n qubits [31], so |DW〉
does not belong to W SLOCC class for odd n qubits.
One can know that for three qubits, |DW〉 belongs
to GHZ SLOCC class while for four qubits, a cal-
culation shows that it belongs to the family Labc2
[32].
Similarly, we can show that |i, n〉 + |(n − i), n〉,
where i = 2, · · · , [n/2], and |i, n〉 and |(n− i), n〉 are
Dicke states, are genuinely entangled.
III. THE FULL DECOMPOSITION
THEOREM
In this section, we derive a full decomposition the-
orem. To that end, n qubits are split into m parts
R1, R2, · · · , Rm, where
R1 = {1, 2, · · · , l1},
R2 = {l1 + 1, l1 + 2, · · · , l1 + l2},
· · · ,
Rm = {n− (lm − 1), · · · , n− 1, n)}. (15)
For example, six qubits are split into R1 = {1, 2},
R2 = {3}, and R4 = {4, 5, 6}.
We generalize Lemma 1 below.
Lemma 4. If a product state |ψ〉1···n of n qubits is
of the form
|ψ〉1···n = |ψ1〉R1 |ψ2〉R2 · · · |ψm〉Rm , (16)
where n qubits are split intom partsR1, R2, · · · , Rm
in Eq. (15), then the coefficient vector C(|ψ〉1···n)
can be decomposed into
C(|ψ〉1···n)
= C(|ψ1〉R1)⊗ C(|ψ2〉R2)⊗ · · · ⊗ C(|ψm〉Rm).
(17)
Proof. From Eq. (16), we can write |ψ〉1···n =
|ϕ〉|φ〉, where |ϕ〉 = |ψ1〉R1 |ψ2〉R2 · · · |ψm−1〉Rm−1
and |φ〉 = |ψm〉Rm . In light of Lemma 1, C(|ψ〉) =
C(|ϕ〉)⊗C(|ψm〉). Then, we can apply Lemma 1 to
the state |ϕ〉. Then, by the induction, we can obtain
Eq. (17).
Theorem 3 (The Full Decomposition Theorem) If
a product state |ψ〉1···n of n qubits is of the form
|ψ〉1···n = |ψ1〉S1 |ψ2〉S2 · · · |ψm〉Sm , (18)
where n qubits are split intom parts S1, S2, · · · , Sm,
then there exists a permutation of qubits, for exam-
ple π, such that the coefficient vector C(|πψ〉1···n)
can be decomposed into
C(|πψ〉1···n)
= C(|πψℓ1 〉R1)⊗ C(|πψℓ2 〉R2)⊗ · · · ⊗ C(|πψℓm 〉Rm),
(19)
where πSℓk = Rk, k = 1, · · · ,m, in Eq. (15).
Proof. There exists a permutation of qubits, for
example π, such that πSℓk = Rk, k = 1, · · · ,m, in
Eq. (15), the states |ψ〉1···n and |ψℓk〉Sℓk become
states |πψ〉1···n and |πψℓk〉Rk , respectively. Thus,
under the permutation π, Eq. (18) becomes
|πψ〉1···n = |πψℓ1〉R1 |πψℓ2〉R2 · · · |πψℓm〉Rm . (20)
Then, in light of Lemma 4, Eq. (19) holds.
Lemma 5. For any pure state |ψ〉1···n of n qubits, if
under a permutation of n qubits, for example π, the
coefficient vector C(|πψ〉1···n) can be decomposed
into
C(|πψ〉1···n) = V1 ⊗ V2 ⊗ · · · ⊗ Vm, (21)
then |ψ〉1···n can be written as
|ψ〉1···n = |ψ1〉S1 |ψ2〉S2 · · · |ψm〉Sm , (22)
where n qubits are split intom parts S1, S2, · · · , Sm,
and |ψi〉Si is a state of qubits in Si, i = 1, · · · ,m.
Proof. Assume that Eq. (21) holds. Via the di-
mensions of Vi, i = 1, · · · ,m, we can split n qubits
into m parts R1, R2, · · · , Rm in Eq. (15). Then,
we define a state |ψ′i〉Ri of qubits in Ri such that
C(|ψ′i〉Ri) = Vi, i = 1, · · · ,m. In light of Lemma 2
and by the induction, we obtain
|πψ〉1···n = |ψ
′
1〉R1 |ψ
′
2〉R2 · · · |ψ
′
m〉Rm . (23)
Then, we obtain
|ψ〉1···n
= |π−1ψ′1〉π−1(R1)|π
−1ψ′2〉π−1(R2) · · · |π
−1ψ′m〉π−1(Rm).
(24)
Let π−1(Ri) = Si and we write |π−1ψ′i〉 as |ψi〉, i =
1, · · · ,m. Then, Eq. (22) holds.
5Theorem 3 and Lemma 5 lead to the following
theorem.
Theorem 4.
|ψ〉1···n = |ψ1〉S1 |ψ2〉S2 · · · |ψm〉Sm , (25)
where n qubits are split intom parts S1, S2, · · · , Sm,
if and only if there exists a permutation of qubits, for
example π, such that the coefficient vector C(|πψ〉)
can be decomposed into
C(|πψ〉) = V1 ⊗ V2 ⊗ · · · ⊗ Vm. (26)
IV. THE COEFFICIENT VECTOR
DECOMPOSITION AND THE
PROPORTIONALITY OF TWO BLOCK
VECTORS
In this section, we will use the proportionality of
two vectors to solve the tensor equation in Eq. (8).
We define that a vector v is proportional to a non-
zero vector u if v = ku, where k is a complex number.
Specially, when v = 0, then k = 0. Thus, a zero-
vector is always proportional to a non-zero vector.
To solve Eq. (8), we divide the coefficient vector
C(|ψ〉) of the state |ψ〉1···n of n qubits into 2i equal-
size block vectors C(ℓ), ℓ = 0, 1, · · · , 2i − 1. Then
C(|ψ〉) can be written as
C(|ψ〉) =


C(0)
C(1)
...
C(2
i−1)

 , (27)
where C(ℓ) =
(
cℓ×2n−i cℓ×2n−i+1 · · · cℓ×2n−i+2n−i−1
)T
,
ℓ = 0, 1, · · · , 2i − 1. One can know that each block
vector C(ℓ) is a column vector of the size 2n−i. Since
C(|ψ〉) 6= 0, so at least one of the block vectors C(ℓ),
ℓ = 0, 1, · · · , 2i − 1, does not vanish.
Next, we will show that to detect if a state is gen-
uinely entangled, factually we don’t need to solve
Eq. (8), we only need to know if Eq. (8) has a
solution.
A. A necessary and sufficient condition for the
coefficient vector decomposition via the
proportionality of two block vectors
Lemma 6. If the coefficient vector C(|ψ〉) of a pure
state |ψ〉1···n of n qubits can be decomposed into
C(|ψ〉) = V1 ⊗ V2, (28)
where V1 and V2 are 2
i and 2n−i dimensional vectors,
respectively, then any two non-zero block vectors of
the block matrix in Eq. (27) are proportional.
Proof. Let V1 = (a0, a1, · · · , a2i−1)
T . Then, from
Eqs. (27, 28) we obtain
C(ℓ) = aℓV2, (29)
where ℓ = 0, · · · , 2i − 1. Let C(k) be any non-zero
block vector. Then, ak 6= 0 and V2 =
1
ak
C(k). Then,
from Eq. (29) we obtain
C(ℓ) =
aℓ
ak
C(k), (30)
where ℓ = 0, 1, · · · , 2i − 1. Clearly, all the block
vectors C(ℓ) are proportional to the non-zero block
vector C(k). Note that C(k) is any non-zero block
vector. Therefore, any two non-zero block vectors of
the block matrix in Eq. (27) are proportional.
Lemma 7. For the block matrix in Eq. (27), if
there is a non-zero block vector such that all the
block vectors are proportional to the non-zero block
vector, then C(|ψ〉) = V1 ⊗ V2, where V1 and V2 are
2i and 2n−i dimensional vectors, respectively.
Proof. Without loss of generality, assume that the
block vector C(0) 6= 0 and all the block vectors C(ℓ)
are proportional to C(0). Thus, we can write
C(ℓ) = kℓC
(0), ℓ = 0, 1, · · · , 2i − 1. (31)
Then, it is easy to see that
C(|ψ〉) =


C(0)
C(1)
...
C(2
i−1)

 =


1
k1
...
k2i−1

⊗ C(0). (32)
That is, C(|ψ〉) is a tensor product of two column
vectors.
Lemmas 6 and 7 lead to the following theorems.
Theorem 5. The coefficient vector C(|ψ〉) of a pure
state |ψ〉1···n of n qubits can be decomposed into
C(|ψ〉) = V1 ⊗ V2, (33)
where V1 and V2 are 2
i and 2n−i dimensional vec-
tors, respectively, if and only if any two non-zero
block vectors of the block matrix in Eq. (27) are
proportional.
6Theorem 6. The coefficient vector C(|ψ〉) of a pure
state |ψ〉1···n of n qubits can be decomposed into
C(|ψ〉) = V1 ⊗ V2, (34)
where V1 and V2 are 2
i and 2n−i dimensional vectors,
respectively, if and only if for the block matrix in Eq.
(27), there is a non-zero block vector such that all
the block vectors are proportional to the non-zero
block vector.
In light of Theorem 5, we obtain the following
theorem for the genuine entanglement.
Theorem 7. (For genuine entanglement) A pure
state |ψ〉1···n of n qubits is genuinely entangled if and
only if for any permutation π of qubits in Appendix
A and the block matrix of C(π|ψ〉) in Eq. (27),
there are two non-zero block vectors which are not
proportional.
In light of Theorem 5, we obtain the following
corollaries.
Corollary 2. A pure product state |ψ〉1···n of n
qubits is of the form |ψ〉1···n = |ϕ〉1|φ〉2···n if and
only if for the block matrix
C(|ψ〉) =
(
C(0)
C(1)
)
, (35)
the block vectors C(0) and C(1) are proportional.
Note that C(0) = (c0, c1, · · · , c2n−1−1)
T and C(1) =
(c2n−1 , c2n−1+1, · · · , c2n−1)
T .
To detect if |ψ〉1···n = |ϕ〉i|φ〉1···i(i+1)···n, we only
need the following tests.
Corollary 3. Let π be a transposition (i, 1)
of qubits 1 and i, where i = 1, · · · , n.
|ψ〉1···n = |ϕ〉i|φ〉1···i(i+1)···n if and only if the
two column vectors (c0, c1, · · · , c2n−1−1)
T and
(c2n−1 , c2n−1+1, · · · , c2n−1)
T are proportional, where
ck are the coefficients of the state |πψ〉.
Corollary 4. Let |ψ〉123 =
∑
ci|i〉 be any pure
state of three qubits. Then, |ψ〉123 is product if and
only if


c0
c1
c2
c3

 and


c4
c5
c6
c7

,


c0
c1
c4
c5

 and


c2
c3
c6
c7

, or


c0
c2
c4
c6

 and


c1
c3
c5
c7

 are proportional. Otherwise, it
is genuinely entangled.
For example, for GHZ (resp. W, |ζ〉 = 12 (|001〉 +
|010〉 + |100〉 + |111〉)), all the above three pairs
of block vectors become 1√
2


1
0
0
0

 and 1√
2


0
0
0
1


(resp. 1√
3


0
1
1
0

 and 1√
3


1
0
0
0

, 12


0
1
1
0

 and
1
2


1
0
0
1

). In light of Corollary 4, GHZ, W and |ζ〉
are genuinely entangled.
B. Solving the tensor equation in Eq. (8) via
the proportionality of two block vectors
Let V1 = (a0, a1, · · · , a2i−1)
T . Then, Eq. (8) re-
duces to
C(ℓ) = aℓV2, (36)
where ℓ = 0, 1, · · · , 2i − 1. Specially,
C(0) = a0V2. (37)
Without loss of generality, assume that the block
vector C(0) 6= 0. We use ||v|| to stand for L2 norm
of a vector v. Here, let ||V2|| = 1, which means that
the state |φ〉(i+1)···n in Eq. (7) is a normalized pure
state. Then, from Eq. (37) we obtain |a0| = ||C
(0)||.
Without loss of generality, ignoring the phase factor
let
a0 = ||C
(0)||. (38)
Then, via Eq. (37) we obtain
V2 =
1
a0
C(0) =
C(0)
||C(0)||
. (39)
Next we solve V1. Via Eq. (39), Eq. (36) becomes
C(ℓ) =
aℓ
a0
C(0), (40)
where ℓ = 0, 1, · · · , 2i − 1. Note that the block
vectors C(ℓ), ℓ = 0, 1, · · · , 2i − 1, are given. From
Eq. (40), one can know that aℓ has a solution if
and only if the block vector C(ℓ) is proportional to
the block vector C(0). Assume that C(ℓ) = kℓC
(0),
ℓ = 1, · · · , 2i − 1. Then, aℓ = kℓa0 and we obtain
V1 =


a0
a1
...
a2i−1

 =


a0
k1a0
...
k2i−1a0

 . (41)
Thus, Eq. (8) has a solution in Eqs (38, 39, 41).
That is, the coefficient vector can be decomposed.
7If some block vector C(ℓ) is not proportional to the
block vectorC(0), then in light of Theorem 5, Eq. (8)
does not have a solution. That is, the state |ψ〉1···n
cannot be written as |ψ〉1···n = |ϕ〉1···i|φ〉(i+1)···n.
C. Complexity
It is known that a product state of four qubits
is of the following forms: |ϕ〉1|φ〉234, |ϕ〉2|φ〉134,
|ϕ〉3|φ〉124, |ϕ〉4|φ〉123, |ϕ〉12|φ〉34, |ϕ〉13|φ〉24,
|ϕ〉14|φ〉23. To decide if a state of four qubits is
genuinely entangled, we need to show that the state
cannot be written as any one of the above forms.
In light of Theorem 1, we can decide if a state of
n qubits can be written as |ϕ〉1···i|φ〉(i+1)···n by
decomposing the coefficient vector.
For four qubits, one can see that by applying the
transposition (1, 2) of qubits 1 and 2 (resp. (1, 3)
of qubits 1 and 3, (1, 4) of qubits 1 and 4), the
state |ϕ〉2|φ〉134 (resp. |ϕ〉3|φ〉124, |ϕ〉4|φ〉123) be-
comes |ϕ〉1|φ〉234, and by applying the transposi-
tions (2, 3) of qubits 2 and 3 and (2, 4) of qubtis
2 and 4, the states |ϕ〉13|φ〉24 and |ϕ〉14|φ〉23 become
|ϕ〉12|φ〉34. Applying permutations of qubits in Ap-
pendix A, any pure product state of n qubits be-
comes |ϕ〉1···i|φ〉(i+1)···n. For example, let π be the
transposition (1, 2) of qubits 1 and 2. Then, if the
coefficient vector of π|ψ〉1···n can be decomposed into
π|ψ〉1···n = V1⊗V2, where V1 and V2 are 2 and 2n−1
dimensional vectors, respectively, then π|ψ〉1···n is a
product state of the form |ϕ′〉1|φ′〉23···n in light of
Theorem 1. Then, |ψ〉1···n is a product state of the
form |ϕ〉2|φ〉13···n.
Therefore, to detect if a state of n qubits is gen-
uinely entangled, in worst case we need 2n−1−(n−1)
permutations of qubits in Appendix A and we need
to check if there are two non-zero block vectors which
are not proportional for 2n−1 − 1 block matrices in
Eq. (27).
V. COMPARISON
In our paper, we study the separability of pure
states of n qubits. We give a necessary and suf-
ficient condition for the separability of pure states
of n qubits via the coefficient vector decomposition
and permutations of qubits. We compare our work
to the previous works below and in Table II.
In II. B of [34], the authors constructed anN1×N2
matrix whose entries are the rearranging coefficients
of a pure state of anN1×N2 bipartite system. Then,
they showed that a pure state of anN1×N2 bipartite
system is separable if and only if all 2× 2 minors of
the N1 ×N2 matrix must be zero.
The above necessary and sufficient condition holds
for only bipartite systems. It is easy to check that
the condition is not suitable for multipartite systems
including n-qubit systems. For example, for the
product state of four qubits: 12 (|00〉+ |11〉)⊗ (|00〉+
|11〉), some 2× 2 minors of the coefficient matrix do
not vanish.
In Fact 1 of [7], via correlation tensors the au-
thors demonstrated that a pure state of a multi-
partite system is biseparable if and only if all the
m-body correlation tensors factorize into the corre-
sponding k-body correlation tensor of the k particles
and the (m−k)-body correlation tensor of the m−k
particles.
Clearly, decomposing a vector into a tensor prod-
uct of two vectors is easier than decomposing a cor-
relation tensor.
In [36], the authors gave a necessary and sufficient
condition for the full separability of pure states of
three qubits in Lemma 1 and Theorem 1. Their The-
orem 1 stated that a pure state |ψ〉 of three qubits is
fully separable iff 〈ψ∗|sα|ψ〉 = 0, α = 1, · · · , 9, ref.
[36] for the definitions of sα.
Comparably, for a pure state |ψ〉 of three qubits,
our approach only needs to decompose two coeffi-
cient vectors C(|ψ〉) and C(π|ψ〉), where π is the
transposition (1,2) of qubits 1 and 2.
Theorem 1 of [35] claimed that a general N-partite
pure state |ψ〉 is separable if and only if the gener-
alized concurrences Cα(ψ) = 0, α = 1, · · · , Q.
For an n-qubit system, Q = ndn(dn−1 − 1)(d −
1)/4 [35]. For qubits 2 to 10, they calculated the
number Q of the concurrences (see Table I). While
we need to check if there are two non-zero block
vectors which are not proportional for D (= 2n−1 −
1) block matrices in Eq. (27). Clearly, D ≪ Q. For
qubits 2 to 10, we list the values of D in Table I.
Comparably, (1) the necessary and sufficient con-
dition in this paper is simpler and more intuitional
than the previous conditions; (2) via the decomposi-
tion of a coefficient vector of a pure state, in light of
Theorem 4 we can straightforwardly and construc-
tively factorize the state. Comparably, it is not con-
venient to factorize a state via the conditions[7, 34–
36]; (3) we derive the full decomposition theorem.
Table I. compare for qubits 2 to 10
qubits 2 3 4 5 6 7
Q 2 18 112 600 2976 14112
D 1 3 7 15 31 63
qubits 8 9 10
Q 65024 293760 1308160
D 127 255 511
8Table II. The conditions for the separability of
pure states
ref. system a pure state is separable iff
[34] bipartite all minors of the matrix vanish
[36] 3-qubits 〈ψ∗|sα|ψ〉 = 0, α = 1, · · · , 9
[7] multiparti all the correlation tensors factorize
[35] multiparti generalized concurrences Cα(ψ) = 0
this n qubits the coefficient vector factorizes
VI. SUMMARY
In this paper, we propose a necessary and suffi-
cient condition for detecting the genuine entangle-
ment for n qubits via the tensor product decompo-
sition of the coefficient vectors and permutations of
qubits. Moreover, we show that a coefficient vector
can be decomposed if and only if any two non-zero
block vectors of the block matrix of the coefficient
vector are proportional. Thus, we avoid decompos-
ing coefficient vectors to detect the genuine entan-
glement.
We also give the full decomposition theorem. We
split n qubits into m parts S1, S2, · · · , Sm. If a pure
state of n qubits is a product of states of qubits in
Si, i = 1, · · · ,m, then there exists a permutation of
qubits, for example π, such that the coefficient vec-
tor C(|πψ〉) can be decomposed into a tensor prod-
uct of m vectors.
For symmetric states of n qubits [33], the coef-
ficient vectors do not change under any permuta-
tions of qubits. So, for detecting the genuine entan-
glement of symmetric states we only need to check
the proportionality of block vectors of the block ma-
trices of the coefficient vectors without considering
permutations of qubits. For example, it is easy to
check that GHZ, W, Dicke states |i, n〉, GHZ+W,
GHZ+Dicke states of n qubits are genuinely entan-
gled.
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VII. APPENDIX A. THE NUMBER OF THE
VECTORS DECOMPOSED
A. Odd n qubits
1. Three qubits
For three qubits, there are three kinds of pure
product states. Case 1. |ψ〉123 = |ϕ〉1|φ〉23; Case
2. |ψ〉123 = |ϕ〉2|φ〉13; Case 3. |ψ〉123 = |ϕ〉3|φ〉12.
For Cases 1 and 3, in light of Lemma 1 their coeffi-
cient vectorsC(|ψ〉) can be decomposed into a tensor
product of two vectors. For Case 2, we need to ap-
ply the transposition π = (1, 2) of qubits 1 and 2
to |ψ〉123. Then |ψ〉123 become |πψ〉123 = |ϕ
′〉1|φ′〉23
and the vector C(|πψ〉) can be decomposed. For
Case 2, we need
(
3
1
)
− 2 (= 1) permutation. In
total, we need to decompose 1 +
(
3
1
)
− 2 (= 2)
vectors.
2. Five qubits
For five qubits, there are the following pure prod-
uct states. Cases:
1. |ψ〉12345 = |ϕ〉1|φ〉2345; 2. |ψ〉12345 =
|ϕ〉2|φ〉1345; 3. |ψ〉12345 = |ϕ〉3|φ〉1245; 4. |ψ〉12345 =
|ϕ〉4|φ〉1235; 5. |ψ〉12345 = |ϕ〉5|φ〉1234;
6. |ψ〉12345 = |ϕ〉12|φ〉345; 7. |ψ〉12345 =
|ϕ〉13|φ〉245; 8. |ψ〉12345 = |ϕ〉14|φ〉235; 9. |ψ〉12345 =
|ϕ〉15|φ〉234; 10. |ψ〉12345 = |ϕ〉23|φ〉145; 11.
|ψ〉12345 = |ϕ〉24|φ〉135; 12. |ψ〉12345 = |ϕ〉25|φ〉134;
13. |ψ〉12345 = |ϕ〉34|φ〉125; 14. |ψ〉12345 =
|ϕ〉35|φ〉124; 15. |ψ〉12345 = |ϕ〉45|φ〉123.
For Cases 1, 5, 6, and 15, in light of Lemma 1 their
coefficient vectors can be decomposed. For Cases 2-
4, we need
(
5
1
)
− 2 permutations to decompose
their coefficient vectors. For Cases 7-14, we need(
5
2
)
− 2 permutations. In total, we need to de-
compose 1 +
(
5
1
)
− 2 +
(
5
2
)
− 2 (= 12) vectors.
3. Odd n qubits
For any odd n qubits, we calculate the number of
the vectors decomposed below.
Case 1. |ψ〉 = |ϕ〉i1 |φ〉i2···in . For |ϕ〉1|φ〉2···n and
|ϕ〉n|φ〉1···(n−1), in light of Lemma 1 their coefficient
vectors can be decomposed. For i1 = 2, · · · , (n− 1),
let the transposition π = (1, i1) of qubits 1 and i1.
Then, π|ψ〉 = |ϕ′〉1|φ′〉2···n. In light of Lemma 1,
the coefficient vectors of π|ψ〉 can be decomposed.
Thus, we need
(
n
1
)
− 2 permutations.
Case 2. |ψ〉 = |ϕ〉i1i2 |φ〉i3···in . Assume that i1 <
i2. For |ϕ〉12|φ〉3···n and |ϕ〉1···(n−2)|φ〉(n−1)n, in light
of Lemma 1 their coefficient vectors can be decom-
9posed. Then, let the permutation σ = (i2, 2)(i1, 1).
Then, σ|ψ〉 = |ϕ′〉12|φ′〉3···n. So, we need
(
n
2
)
− 2
different permutations.
Generally,
1 +
(
n
1
)
− 2 + · · ·+
(
n
(n− 1)/2
)
− 2
= 1 +
1
2
(
n∑
i=0
(
n
i
)
− 2
)
− (n− 1)
= 2n−1 − (n− 1).
In total, we need to decompose 2n−1 − (n − 1)
vectors for odd n qubits.
B. Even n qubits
1. Four qubits
For four qubits, we have the following pure prod-
uct states. Cases: 1. |ψ〉1234 = |ϕ〉1|φ〉234; 2.
|ψ〉1234 = |ϕ〉2|φ〉134; 3. |ψ〉1234 = |ϕ〉3|φ〉124; 4.
|ψ〉1234 = |ϕ〉4|φ〉123; 5. |ψ〉1234 = |ϕ〉12|φ〉34; 6.
|ψ〉1234 = |ϕ〉13|φ〉24; 7. |ψ〉1234 = |ϕ〉14|φ〉23.
For Cases 1, 4, and 5, their coefficient vectors
C(|ψ〉) can be decomposed into a tensor product
of two vectors. We need
(
4
1
)
− 2 permutations
for Cases 2 and 3 to decompose their coefficient
vectors. We need 12
(
4
2
)
− 1 permutations for
Cases 6 and 7. In total, we need to decompose
1 +
(
4
1
)
− 2 + 12
(
4
2
)
− 1 (= 5) vectors.
2. Even n qubits
For any even n qubits, we calculate the number of
the vectors decomposed below.
Case 1. |ψ〉 = |ϕ〉i1 |φ〉i2···in , where i1 =
1, · · · , n. Similarly, we need
(
n
1
)
− 2 permuta-
tions. Case 2. |ψ〉 = |ϕ〉i1i2 |φ〉i3···in . Similarly,
we need
(
n
2
)
− 2 permutations. Case 3. |ψ〉 =
|ϕ〉i1i2···i(n/2) |φ〉i(n/2)+1···in . We need
1
2
(
n
n/2
)
− 1
permutations. Then, a calculation yields the num-
ber of the vectors decomposed below.
1 +
(
n
1
)
− 2 + · · ·
(
n
n/2− 1
)
− 2 +
1
2
(
n
n/2
)
− 1
=
1
2
[
2
(
n
1
)
+ · · ·+ 2
(
n
n/2− 1
)
+
(
n
n/2
)]
+ 2− n
=
1
2
(2n − 2) + 2− n
= 2n−1 − (n− 1)
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